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Abstract. Within the three-flavor PNJL and EPNJL chiral quark mod-
els we have obtained pseudoscalar meson properties in quark matter
at finite temperature T and baryochemical potential µB . We com-
pare the meson pole (Breit-Wigner) approximation with the Beth-
Uhlenbeck (BU) approach that takes into account the continuum of
quark-antiquark scattering states when determining the partial densi-
ties of pions and kaons. We evaluate the kaon-to-pion ratios along the
(pseudo-)critical line in the T − µB plane as a proxy for the chemical
freezeout line, whereby the variable x = T/µB is introduced that corre-
sponds to the conserved entropy per baryon as initial condition for the
heavy-ion collision experiments. We present a comparison with the ex-
perimental pattern of kaon-to-pion ratios within the BU approach and
using x-dependent pion and strange quark potentials. A sharp ”horn”
effect in the energy dependence K+/pi+ ratio is explained by the en-
hanced pion production at energies above
√
sNN = 8 GeV, when the
system enters the regime of meson dominance. This effect is in line with
the enhancement of low-momentum pion spectra that is discussed as a
precursor of the pion Bose condensation and entails the occurrence of
a nonequilibrium pion chemical potential of the order of the pion mass.
We elucidate that the horn effect is not related to the existence of a
critical endpoint in the QCD phase diagram.
1 Introduction
Quantum chromodynamics predicts the existence of a quark-gluon plasma (QGP)
phase, where hadronic bound states dissociate as a consequence of the restoration of
chiral symmetry which melts the chiral condensate and the quark mass gap so that a
system of deconfined quarks and gluons emerges. The study of this phase transition
in ab-initio simulations of lattice QCD (LQCD) thermodynamics is yet limited to
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finite temperatures and low chemical potentials only [1,2], so that the development
of effective model descriptions is of importance.
In the present work, we discuss the chiral phase transition and the in-medium be-
haviour of pseudoscalar mesons in the framework of the SU(3) NJL model extended
by the coupling to the Polyakov loop, the PNJL model. This model is capable of
describing both the chiral and the deconfinement transition [3,4], as well as the low-
lying hadron spectrum [5]. By the mechanism of dynamical chiral symmetry breaking
a chiral condensate develops and quarks acquire large quasiparticle masses. The chi-
ral symmetry gets restored when the dynamically generated quark masses drop as a
function of temperature and chemical potentials. Within this framework the confine-
ment of coloured quark states is effectively taken into account by coupling the chiral
quark dynamics to the Polyakov loop and its effective potential.
In the PNJL model, the correlation between quark and gauge fields appears only
by the minimal coupling through the covariant derivative but is nevertheless strong
enough to synchronize the two transitions [3]. However, the absolute value of the
pseudocritical temperature of the chiral crossover transition with above 200 MeV is
too large when compared to the lattice QCD result for 2+1 flavors of Tc = 156.5±1.5
MeV [1]. Different solutions of this problem are suggested in the literature. Nonlo-
cal chiral quark models with covariant formfactors fitted to QCD running masses
and wave function renormalization have much smaller pseudocritical temperatures of
∼ 110−140 MeV for the chiral transition [6,7,8,9]. When their chiral quark dynamics
gets coupled to the Polyakov loop a strong improvement is obtained [9,10,11]. Unfor-
tunately, the transition becomes strong and even of first order with a diverging chiral
susceptibility [12].
Another, even more physical solution is to go beyond the mean field approxima-
tion and to consider the role of hadronic excitations in the medium in melting the
chiral condensate [13]. This leads to an excellent agreement with lattice QCD up to
and including the pseudocritical temperature, but there are two problems which have
not yet been consistently solved: the hadrons should dissociate into their quark and
gluon constituents at the chiral/deconfinement transition and simultaneously these
degrees of freedom shall appear as quasiparticles in the system without generating
discontinuities in the behaviour of the order parameters and their derivatives. This
is a formidable task that requires a selfconsistent formulation and subsequent so-
lution. First steps in this direction have been explored, e.g., within a generalized
Beth-Uhlenbeck approach [14,15,16].
An intermediate solution is the introduction of an improved mean field description
of the chiral transition. It is the so-called entanglement PNJL (EPNJL) model, where
the scalar four-quark interaction gS is modified by an additional dependence on the
Polyakov loop [17,18]. Such entanglement leads to a change of the phase diagram: the
(pseudo-)critical temperature of the chiral and deconfinement crossover transition at
low chemical potentials is lowered towards the value of the Lattice QCD prediction.
Because of a relationship between the Polyakov loop expectation value in the confined
phase and the hadronic spectrum [19] one may regard this kind of model as mimicking
the backreaction of hadronic modes in the medium on the quark thermodynamics.
Including the vector meson interaction in the model leads to a dependence of the
equation of state on the vector coupling constant gV . When the vector interaction is
taken into account, the critical endpoint (CEP) of first order transitions appears at
a higher chemical potential and lower temperature [20] or even vanishes completely
from the phase diagram [21,22,23,24,25].
The study of pseudo-scalar mesons is interesting since their Goldstone boson na-
ture is associated with the breaking of the chiral symmetry and therefore sensible
to its restoration in the medium. One of the central problems in the investigation
of the transition from hadronic to quark matter is a description of the dissociation
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of hadrons into their quark constituents. The PNJL model is conventionally used in
the mean field approximation to address the thermodynamic behaviour of the chiral
condensate and the Polyakov loop as order parameters of chiral symmetry breaking
and color SU(3) center symmetry breaking, respectively. Including Gaussian fluctua-
tions, it is able to describe the transition of pseudoscalar meson bound states to the
quark matter continuum, but the quark-meson [26] and meson-meson [27] correla-
tions, which can play an important role in the quark-hadron transition appear only
at higher orders.
The relativistic Beth-Uhlenbeck (BU) approach to the description of mesonic
bound and scattering states in a quark plasma has been developed in [28,29,30] for
the two-flavor case. Within the SU(3) PNJL model we have developed such a BU ap-
proach to scalar and pseudoscalar mesons in [31] and further extend it here by taking
also into account the Kobayashi-Maskawa-’t Hooft determinant interaction term.
In the BU approach one obtains not only the mass splitting of the charge multiplets
in hot and dense matter that is also seen in the BW approximation to solutions
of the in-medium Bethe-Salpeter equation [32,33,34]. In this approach it is clearly
seen from the behaviour of the corresponding phase shifts for pseudoscalar mesons
as functions of energy that there are scattering state contributions from the quark-
antiquark continuum and for finite temperatures and baryon chemical potentials an
unusual plasmon mode appears in the K+ channel which develops a bound state pole
under conditions that would correspond to the chemical freeze-out in the region of
the ”horn” [31]. As we have shown in Ref. [34], a decisive role in the description of
the different patterns of the K+/pi+ and K−/pi− ratios as a function of
√
sNN is
played by the chemical potentials that are conjugate to (quasi) conserved charges in
the system.
The energy scan of the kaon-to-pion ratios has a different pattern depending on the
electric charge of the mesons. For the ratio of positively charged strange to nonstrange
mesons a ”horn” was found at the collision energy
√
sNN ∼ 7-10 GeV by the NA49
experiment at CERN SPS in an energy scan with fixed-target Pb+Pb collisions. The
ratio of negatively charged mesons shows a monotonously rising behaviour. See Fig.
1 of [35] for the world data on the energy dependence of the kaon-to-pion ratios.
The ”horn” is supposed to be a signal of the formation of the QGP phase during the
heavy-ion collision [36,37,38,39]. The original prediction of the effect by Gazdzicki and
Gorenstein [40] before its observation was based on the assumption of a first-order
phase transition with the formation of a mixed phase. In a refined formulation within a
Boltzmann transport approach the horn behaviour was found and could be associated
with a first-order quark-hadron phase transition [41]. In view of the ab-initio LQCD
result that the transition under these conditions rather is a crossover [1,2], a sound
theoretical explanation of the effect is still under scrutiny. Moreover, the recent data
from the NA61 experiment have shown a strong dependence on the system size with
no horn effect in Ar+Sc collisions [42] for which the reason is not yet understood.
In another, purely hadronic transport model, the basic pattern of the energy scan of
strange-to-nonstrange particle production ratios including the K+/pi+ and the Λ/pi−
horns could be reproduced because the lifetime of the (hadronic) fireball until freeze-
out gets shortened when increasing the energy of the collision above 30 AGeV [43].
A rather successful theoretical description of the experimental data could be given
within yet another transport approach, the parton-hadron-string-dynamics (PHSD)
approach [44,45] where strangeness production in the hadronic phase was enhanced
by a modification of the Schwinger production rates due to partial chiral symmetry
restoration. This regime was abruptly terminated when the system evolved through a
partonic phase at energies above
√
sNN ∼ 7−10 GeV, resulting in a rather sharp drop
of the K+/pi+ ratio as a result of the chiral condensate melting and QGP formation
during the collision. This microscopic transport model also predicts a smoothing of
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the peak with decreasing system size [45] albeit not quite matching the behaviour
recently observed by NA61 in Ar+Sc collisions [42].
In the present work we want to elaborate on the description of the kaon-to-pion
ratios within a nonequilibrium statistical model where the interplay of strangeness
enhancement and quick approach to the QGP asymptotics is regulated by quasi-
chemical potentials along the chemical freeze-out line in the QCD phase diagram
that is parametrized as in Ref. [46]. In this description the pion quasi-chemical po-
tential (which is the generalization of the chemical potential to the nonequilibrium
case) plays a special role. According to the Zubarev approach to nonequilibrium
statistical systems such a quasi-chemical potential appears as a Lagrange multiplier
in a generalized Gibbs ensemble describing the nonequilibrium situation of a quasi-
conserved pion number. While pions can be quickly created in the early phase of the
heavy-ion collision, for instance by the Schwinger mechanism in a strong color flux
tube field [47,48] or by the conversion of a gluon saturated initial state (color glass
condensate) to an oversaturated pion gas, e.g., by processes of the kind g+g → pi+pi
[49], their number is quasi conserved over the time scales of a heavy-ion collision until
freeze-out, since their electroweak (pi± → µ± + νµ) or two-photon (pi0 → 2γ) decays
are several orders of magnitude slower. Strong pion absorption processes (pi+ pi → ρ,
pi +N → ∆) are fast but do not change the net pion number since these resonances
decay on the way to the detector or even during the fireball lifetime. Therefore, the
adequate approach to this nonequilibrium situation is the Zubarev approach of the
generalized Gibbs ensemble where the quasi conserved pion number requires an addi-
tional Lagrange multiplier, the pion chemical potential µpi, as an additional parameter
of the statistical operator. For details, see [50]. The resulting nonequilibrium pion dis-
tribution function with the pion chemical potential has been successfully used in the
phenomenological description of the transverse momentum spectra of pions produced
in heavy-ion collision experiments, see [51,52].
This paper is organized as follows. In Sec. 2, the formalism of the PNJL model with
vector interaction and entanglement (EPNJL model) is introduced and the structure
of the phase diagram is discussed. The behavior of mesons and quarks at zero and
finite density is discussed in Sec. 3 both for the pole approximation to the Bethe-
Salpeter equation and for the Beth-Uhlenbeck approach. In Sec. 4 the results for the
K+/pi+ and K−/pi− ratios and the lessons for the phenomenology of matter created
in heavy-ion collisions will be discussed. In Sec. 5 we present our Conclusions.
2 The SU(3) PNJL and EPNJL models
In this work we start from the SU(3) PNJL model with the Kobayashi - Maskawa -
t’Hooft (KMT) interaction [4,22,25]
L = q¯ ( i γµDµ − mˆ− γ0µˆ) q + 1
2
gS
8∑
a=0
[ ( q¯ λa q )
2
+ ( q¯ i γ5 λ
a q )
2
] +
+ gD {det [q¯ ( 1 + γ5 ) q ] + det [q¯ ( 1 − γ5 ) q ] } − U(Φ, Φ¯;T ), (1)
where q is the quark field with three flavours (u, d, s), λa are the Gell-Mann ma-
trices used here in flavor space, the diagonal matrices mˆ = diag(mu,md,ms) and
µˆ = diag(µu, µd, µs) contain the current quark masses and quark chemical poten-
tials, respectively. The covariant derivative Dµ = ∂
µ − iAµ contains the gauge field
Aµ(x) = gSA
µ
a
λa
2 in a notation which absorbs the strong interaction coupling. In
the Polyakov-loop extended NJL model one uses Aµ(x) = δµ,0A
0 with A0 = −iA4
being a homogeneous background field with only the color diagonal fields A03 and
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A08 having nonvanishing values. The confinement properties are described by the ef-
fective potential U(Φ, Φ¯;T ), which depends on the complex traced Polyakov loop
Φ = Trc exp[iβ(λ3A
0
3 + λ8A
0
8)] and its conjugate Φ¯. The potential is constructed on
the basis of the center symmetry Z3 of the color SU(3) gauge group and its Haar
measure, see also [53]. The possible temperature dependence of its parameters is
fitted to lattice QCD results for the pressure in the pure gauge sector (for details
see [3,5,23,31]). In this work, we use the standard polynomial form of the effective
potential U(Φ, Φ¯;T ) [3,23] where the original parameter T0 = 270 MeV for the decon-
finement transition temperature in pure gauge is changed to T0 = 187 MeV for the
system with Nf = 2 + 1 flavors [54].
The grand thermodynamic potential density Ω(T, {µi}) can be obtained directly
from the Lagrangian density (1) when the mean-field approximation is applied. Then,
the following gap equations for the constituent quark masses are obtained by the
stationarity conditions ∂Ω/∂mi = 0 as
mi = m0i − 2gS〈q¯iqi〉 − 2gD〈q¯jqj〉〈q¯kqk〉, (2)
where i, j, k =u, d, s are in cyclic order and the quark condensates are defined as
〈q¯iqi〉 = ∂Ω
∂m0i
= −2Nc
∫
d3p
(2pi)3
mi
Ei
(1− f+Φ (Ei)− f−Φ (Ei)), (3)
with Ei =
√
p2 +m2i being the energy dispersion relation for a quark of flavor i. From
the thermodynamic potential density other thermodynamic quantities of interest can
be obtained by derivation like, e.g., the quark number densities
ni =
∂Ω
∂µi
= 2Nc
∫
d3p
(2pi)3
(f+Φ (Ei)− f−Φ (Ei)) . (4)
The quark condensates and the quark densities at finite temperature are defined with
the modified Fermi functions f±Φ (Ei) of the PNJL model
f+Φ (Ef ) =
(Φ¯+ 2ΦY )Y + Y 3
1 + 3(Φ¯+ ΦY )Y + Y 3
, f−Φ (Ef ) =
(Φ+ 2Φ¯Y¯ )Y¯ + Y¯ 3
1 + 3(Φ+ Φ¯Y¯ )Y¯ + Y¯ 3
, (5)
which are obtained after Matsubara summation when the gluon background field is
accounted for [3]. Here the abbreviations Y = e−(Ef−µf )/T and Y¯ = e−(Ef+µf )/T are
used. The traced Polyakov loop variables as order parameters of deconfinement have
the two limits Φ = Φ¯ = 0 in the confined phase and Φ = Φ¯ = 1 in the deconfined
phase. In these limits, the functions (5) go over to ordinary Fermi functions,
f±Φ=0(Ef ) = [e
3(Ef∓µf )/T + 1]−1 , f±Φ=1(Ef ) = [e
(Ef∓µf )/T + 1]−1 , (6)
where the effect of confinement on the quark distribution function consists in a rescal-
ing of the temperature T → T/3, when compared to the deconfined case.
Due to their coupling to the chiral condensate, the quarks develop a quasiparticle
mass even for vanishing current quark masses m0i (chiral limit). This phenomenon is
called dynamical chiral symmetry breaking. Simultaneously, the quarks are coupled to
the homogeneous gluon background fields representing the Polyakov loop dynamics.
At low temperature, the chiral symmetry is spontaneously broken due to the finite
value of the quark condensate and confinement is observed in the system (Φ → 0).
Chiral symmetry is restored when the dynamically generated quark mass drops as
a function of temperature and chemical potentials (see Fig. 1, left panel). For finite
temperatures, the Polyakov field Φ becomes nonzero in a crossover type transition,
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Fig. 1. The normalized chiral condensate for u- and s- quarks and the traced Polyakov
loop Φ as functions of the temperature (left panel). Phase diagram in the T-µB plane (right
panel) indicating the pseudocritical temperatures of the chiral crossover transition for the
PNJL (black dashed lines) and the EPNJL (blue dashed lines) models in the case of nonzero
vector coupling (gV = 0.6 gS). For vanishing vector coupling the crossover merges a first order
transition for both cases (solid lines) in a critical endpoint (filled dots). For orientation, the
chemical freezeout line parametrized in [46] is shown as a green dash-dotted line with a filled
square on it indicating the freezeout of heavy-ion collisions with
√
sNN = 8 GeV, where the
peak in the K+/pi+ ratio is situated.
which entails Z3-symmetry breaking. The point where the crossover changes to a first
order transition is the critical end point (CEP) (see Fig.1, right panel). At low tem-
perature and high chemical potential, below the CEP, the thermodynamic potential
density has three extrema corresponding to three solutions of the gap equations (2).
Two of them are minima with a maximum in-between them. The situation when the
minima have equal depth corresponds to equal pressures in the corresponding phases.
When changing the thermodynamic parameters (T and/or µ) the system goes over
from one to the other minimum via the barrier, resulting in a jump of the order
parameter (mass or chiral condensate) that signals a first order phase transition.
For the numerical calculations in this work we used the following set of parameters:
the current quark masses m0u = m0d = 5.5 MeV, m0s = 0.131 GeV, the cut-off
Λ = 0.652 GeV and the couplings gDΛ
5 = 10.592, gSΛ
2 = 1.828. We also introduced
the strange quark chemical potential as µs = 0.55µu and µu = µd [34]. It can be
seen from the right panel of Fig. 1 that the pseudocritical temperature of the chiral
crossover transition at µB = 0 GeV in the PNJL model case is Tc = 0.218 GeV (black
dashed line), and thus higher than the Tc = 156.5±1.5 GeV obtained by the ab-initio
simulations of Lattice QCD [1].
It could not be expected that the PNJL quark matter model in the mean field
approximation would yield the chiral restoration temperature in accordance with the
Lattice QCD result. Namely, while in the NJL model due to lack of confinement the
excitation of quarks at low temperatures mimics the presence of a thermal medium,
because of quark confinement (more precisely: statistical suppression by the Polyakov-
loop) in the PNJL model at mean field level even those excitations are missing. In
nature, however, the thermodynamics at low temperatures is dominated by hadronic
excitations (pions, kaons, ...) which in turn play the dominant role in melting the
chiral condensate. This has been demonstrated by calculating the chiral condensate
within the hadron resonance gas model, e.g., in Ref. [13]. The formation of hadrons as
bound states of quarks and in particular their backreaction on the chiral condensate
is, however, not accounted for in the mean field approximation.
An improvement of the correspondence between a selfconsistent mean field calcu-
lation of the chiral condensate and Polyakov-loop on the one hand and their behaviour
in Lattice QCD has been obtained within the so-called Entanglement PNJL model
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[18,55]. According to this extension of the PNJL model, a phenomenological depen-
dence of the scalar meson coupling gS on the Polyakov loop is introduced that does
obey the Z3-symmetry
g˜S(Φ) = gS(1− α1ΦΦ¯− α2(Φ3 + Φ¯3)), (7)
where the parameters α1 = α2 = 0.2 were chosen in [17] to reproduce the two-flavor
LQCD data. As soon as the traced Polyakov-loop deviates from zero gS gets reduced
which in turn lowers the quark mass and the chiral condensate. Such rescaling of
gS leads to a rescaling of the pseudocritical temperature in the low-density region
[17,18,56] to Tc ∼ 0.179 GeV, see the blue lines in the right panel of Fig. 1, now being
synchronous with the Polyakov-loop transition.
A better solution should be possible within a PNJL-like model when going be-
yond the mean field level of desciption and considering the influence of the hadronic
excitations in the medium on the chiral condensate and the quark selfenergies (see,
e.g., [11,15,57,58]), but such an approach would still have to be developed to include
a full hadron resonance gas as a limiting case.
The position of the CEP is under debate [20] and can not be settled yet by Lattice
QCD simulations. Actually, there are several possibilities for the topology of the QCD
phase diagram besides the simple alternative with one CEP or crossover all over; for a
short discussion see [9]. It was shown in the NJL [21] and in the PNJL model [22] with
vector interaction, that the CEP can disappear when the vector coupling exceeds a
critical value. The Lagrangian of the PNJL model with vector interaction is obtained
from the Lagrangian (1) by adding the vector interaction contribution
LV = −1
2
gV
8∑
a=0
( q¯γµλ
a q )
2
. (8)
In this case the set of the equations of motion will be extended by the equations for
the vector mean fields which are absorbed in the rescaled chemical potentials µ˜i that
replace the chemical potentials in the distribution functions (5), where
µ˜i = µi − 2gV ni. (9)
As a matter of fact, the vector coupling can also be rescaled in the spirit of the EPNJL
model, similar to the scalar coupling (7),
g˜V (Φ) = gV (1− α1ΦΦ¯− α2(Φ3 + Φ¯3)), (10)
with the same parameters as in Eq. (7). For results see, e.g., [24,55]. In the present
work we will consider the case when only gS depends on the medium via the traced
Polyakov-loop variables Φ and Φ¯. In Fig. 1 we show that for gV = 0.6 gS the first
order transition domain and the CEP disappear from the phase diagram and only
a crossover takes place (black and blue dashed lines for PNJL and EPNJL models,
respectively).
Despite the principal problem in explaining the phase structure of QCD within
chiral quark models like PNJL and EPNJL at the mean field level (i.e. by ignoring the
effects of hadronic excitations on the order parameters) we find by comparing with
the lattice QCD data [1] that the result for the EPNJL model provides an acceptable
proxy for the phase border where the hadronization transition shall take place in the
dynamical evolution of the QGP. It is reassuring for the application of the EPNJL
model to heavy-ion collisions at the end of this contribution that the parametrized
line of the chemical freezeout [46] shown as a green line in the right panel of Fig. 1
lies entirely in the confining phase with broken chiral symmetry, but also sufficiently
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close to the hadronization transition. The basis for such applications, in particular
to the celebrated kaon-to-pion ratios and the horn effect for the energy dependence
of K+/pi+, is a field theoretical description of scalar and pseudoscalar meson bound
states and their dissociation by the Mott effect which occurs under extreme conditions
of temperature and density. This we will describe in the next section.
3 Mesons in hot and dense matter
In this section we will outline the field-theoretical approach to the description of
scalar and pseudoscalar bound states and their Mott dissociation in a hot and dense
medium within a chiral quark model of the PNJL type. The underlying calculations
are developed more in detail in [31,56] and references therein.
The meson properties such as masses and decay widths are encoded in the quark-
antiquark scattering amplitude (T-matrix) that shares the analytic properties with
meson propagator (M = P, S)
SMij (ω,q) =
2Pij
1− 4PijΠMij (ω,q)
, (11)
where in the random phase approximation (RPA) the polarization function for pseudo-
scalar mesons (M = P ) at rest (q = 0) in the medium has the form
ΠPij (ω,0) = 4
{
Ii1(T, µi) + I
j
1(T, µj)− [(ω + µij)2 − (mi −mj)2] Iij2 (ω;T, µij)
}
,
(12)
where µij = µi − µj is the meson chemical potential and for P = pi,K we have [59]
Ppiij = gS + gD 〈q¯sqs〉 , (13)
PKij = gS + gD 〈q¯uqu〉 . (14)
The first integral Ii1(T, µi) is a one-loop integral that does not depend on the energy
ω and after Matsubara summation takes the form
Ii1(T, µi) =
Nc
4pi2
∫ Λ
0
dp p2
Ei
[
1− f−Φ (Ei)− f+Φ (Ei)
]
. (15)
The second one depends (after analytic continuation) on the complex energy variable
z and can be decomposed into two contributions [60]
Iij2 (z, T, µij) = I
ij
2,pair(z, T, µij) + I
ij
2,scatt(z, T, µij) , (16)
where the first one,
Iij2,pair(z, T, µij) =
Nc
8pi2
∫ Λ
0
dp p2
EiEj
[
1− f+Φ (Ej)− f−Φ (Ei)
z − Ei − Ej − µij −
1− f+Φ (Ei)− f−Φ (Ej)
z + Ei + Ej − µij
]
,
(17)
exhibits poles in the integrand which correspond to pair excitation modes (i.e., with
the sum of the one-particle energies in the denominators) and the second one,
Iij2,scatt(z, T, µij) =
Nc
8pi2
∫ Λ
0
dp p2
EiEj
[
f+Φ (Ej)− f+Φ (Ei)
z + Ei − Ej − µij −
f−Φ (Ej)− f−Φ (Ei)
z − Ei + Ej − µij
]
,(18)
Will be inserted by the editor 9
has poles in the integrand which correspond to scattering modes (i.e., with the differ-
ence of the one-particle energies in the denominators), see also [30,31,60]. Generally,
the meson propagator (11) can have poles and cuts in the z- plane, whereby the poles
on the real axis correspond to stable bound states, and a cut stands for the continuous
spectrum of scattering states. Unstable states with a short lifetime, like resonances
in the scattering state continuum can be treated as complex poles with an imaginary
part corresponding to inverse lifetime of the state. In the following we will sketch
two ways of dealing with the analytic properties of the meson propagator and to ar-
rive at results for the thermodynamics of quark matter with mesonic correlations: i)
the Breit-Wigner approximation that approximates mesonic correlations as complex
poles near the real z- axis and ii) the Beth-Uhlenbeck approach that represents the
analytic properties along the real axis by a phase shift function that plays the role of
a spectral density for the pressure and thus the thermodynamic potential.
3.1 Breit-Wigner approximation
In the Breit-Wigner approximation, one is looking for a complex pole zM = mM −
iΓM/2 of the meson propagator, which is a zero of its denominator function
1− 2PijΠMij (z = zM ,q = 0) = 0, (19)
for which ΓM  mM should hold. Since in general the polarization function is com-
plex, Eq. (19) defines a system of two real equations for the mass mM and the decay
width ΓM of the mesonic state M , see Appendix A of Ref. [31]. When the mass pa-
rameter is below the two-quark threshold (mM < mi+mj), the polarization function
is real and Eq. (19) corresponds to the homogeneous Bethe-Salpeter equation [5,59]
in the rest frame of the meson which defines a true bound state with mass mM and
infinite lifetime (ΓM = 0). In the left panel of Fig. 2, we show the temperature depen-
dences of the masses of the pseudoscalar mesons pi and K and the threshold masses
of their corresponding two-quark continuum. As can be seen, when the mass of the
meson exceeds the sum of the masses of its constituents (mM > mi +mj), the meson
turns into a resonance state in the continuum with a finite lifetime (ΓM > 0) and the
Mott transition occurs. In this case, the complex properties of the integral I2 in Eq.
(16) have to be taken into account and the mass pole solution of the Bethe-Salpeter
equation moves away from the real axis into the complex z- plane. The temperatures
of the Mott transition for pion and kaon are TpiMott = 0.232 GeV and T
K
Mott = 0.230
GeV, respectively. The solution of the Bethe-Salpeter equation (19) can also be per-
formed at finite baryon chemical potential µB 6= 0. Results for the meson masses and
corresponding two-quark continuum thresholds are shown in the right panel of Fig. 2
as a function of the baryon number density in units of the nuclear saturation density
n0 = 0.15 fm
−3. Note that between n = 0 and nc = 2.9n0, there is no stable solution
for the baryon density, since the Maxwell construction of the first-order phase transi-
tion in the absence of a nuclear matter phase joins the quark matter phase at n = nc
directly with vacuum state at n = 0.
3.2 Beth-Uhlenbeck approach
The RPA for the meson polarization function (12) provides a much richer analytic
structure than just a complex mass pole near the real z- axis. Under given conditions
for temperature and chemical potential, from the four denominators in the pairing
and scattering channels of the I2-integral (16) can simultaneously emerge poles for the
10 Will be inserted by the editor
Fig. 2. Meson masses (solid lines) for the PNJL model as functions of the temperature at
µB = 0 (left panel) and as functions of the normalized baryon number density at T = 0 (right
panel), together with the threshold masses of the corresponding quark-antiquark continuum
(dashed lines). Note that between n = 0 and n = 2.9n0, there is no stable solution for the
baryon density and the meson masses are indicated by dash-dotted lines to guide the eye.
bound state and cuts for the continuum states which cannot adequately be represented
by a single complex mass pole approximation. In such a case it is advantageous to
introduce the phase shift in the corresponding channel and to use the Beth-Uhlenbeck
formula for evaluating the contribution of the correlations in that channel to the
thermodynamic potential. To this end, the complex mesonic propagator in Eq. (11)
can be rewritten in the polar representation with a modulus and a phase
SMij (ω,q) = |SMij (ω,q)| eiδM (ω,q), (20)
where the meson phase shift is defined as
δM (ω,q) = −arctan
{
Im[SMij (ω + iη,q)]
Re[SMij (ω + iη,q)]
}
. (21)
According to Levinson’s theorem, the bound state appears at the energy, where the
phase shift jumps up by the value pi [29]. In the rest frame of the meson this energy
corresponds to the meson mass. In Fig. 3 the results for the phase shifts of the pion
and the charged kaons are shown for the PNJL model case at a temperature T = 193
MeV and a nonstrange chemical potential µu = 181 MeV (left panel) and µu = 240
MeV (right panel). According to the phase diagram of Fig. 1 (right panel) this point
is situated on the hadronic side of the phase border in the T − µB plane where
the where the mesons are true bound states, i.e. where T is below the corresponding
Mott temperatures. Correspondingly, one can read off the masses of the meson bound
states from the positions where the phase shift jumps by pi. One recognizes the mass
splitting of the charged kaon states so that K− is lighter than K+ at finite baryon
density, as in the right panel of Fig. 2. But from the phase shift one can get more
information, namely about the nonvanishing, negative contribution of the continuum
of scattering states to the thermodynamics (dδM/dω < 0) and about the ”anomalous”
scattering mode that develops below the bound state in the ”normal” pairing mode of
the propagator in the K+ channel. When crossing the phase border to the deconfined
phase, the normal mode undergoes a Mott dissociation and turns into a resonant
correlation in the continuum while the anomalous mode can even become a true
bound state (plasmon pole), see the right panel of Fig. 3 and Ref. [31].
Both Fig. 2 and Fig. 3 clearly demonstrate the splitting of the charged multiplet
mass with increasing density. The splitting can be explained by the modification of
the Fermi sea by the presence of the medium [34,61,62]. In dense baryon matter the
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Fig. 3. Dependence of the mesonic phase shift in the PNJL model case for the pion (blue
dash-dotted line), the K− (red dotted line) and the K+ (black solid line) channels on the
center of mass energy ω for T = 193 MeV and nonstrange chemical potential µu = 181
MeV (i.e. for T/µB = 0.36, left panel) and µu = 240 MeV at the same temperature (i.e. for
T/µB = 0.27, right panel). The phase shift for K
+ contains an anomalous mode at energies
below the ”normal” mode (left panel) which eventually becomes a true bound state (plasmon
pole) in the deconfined phase (right panel), when the normal mode of K+ underwent a Mott
dissociation and turned into a resonant correlation in the continuum, like also pi and K−.
concentration of light quarks is very high so that the Pauli blocking factor Qij =
1− f+Φ (Ej)− f−Φ (Ei) in the Iij2,pair integral (17) for i = u, d being a light quark flavor
and j = s (the case of K+ and K0) reduces the integrand at low one-particle energies,
viz. momenta, and thus shifts the bound state pole to higher values of the energy z
where the Pauli blocking is less prominent. Finally, when the bound state pole reaches
the continuum threshold, zM − µij = Ei(p = 0) +Ej(p = 0) = mi +mj , the binding
energy vanishes and this marks the condition for the Mott dissociation of the bound
state. At the same time, with increasing density of light quark states, the difference
between light and strange quark occupation numbers increases so that the integral
Iij2,scatt for the scattering mode can become dominant in the polarization function (12)
and induce a bound state pole in the meson propagator (11), see the right panel of
Fig. 3.
In the case of K− and K¯0, the meson is composed of a strange quark and light
antiquark which both are not as abundant in the baryon-rich medium as the light
quarks, so that the Pauli blocking does not operate (the normal meson mode has an
approximately medium-independent mass) and the anomalous mode cannot develop
since the phase space occupation factors cancel each other. For more details see [31].
4 ”Horn” effect in the kaon-to-pion ratio
In this Section we will discuss the application of the PNJL-type models to a descrip-
tion of the kaon-to-pion ratios that are measured in heavy-ion collision experiments.
The peak (also called the ”horn”), that has been found in the ratio of positively
charged kaons to pions (K+/pi+) at energies
√
sNN ∼ 7-10 GeV by the NA49 exper-
iment at CERN SPS in an energy scan with fixed-target Pb+Pb collisions and that
becomes apparent in the world data on this ratio for large colliding systems (Pb+Pb
and Au+Au, see Fig. 1 of [35]) has been discussed as a signal of QGP formation
[36,37,38]. The sudden drop in the ratio after reaching maximum at
√
sNN ∼ 8 GeV
could be explained as a result of QGP formation during the collision [39,40,41,44] al-
though there are purely hadronic kinetic models that can describe the ”horn” feature
too [43]. Generally, the yields and ratios of hadrons (including light nuclear clusters)
produced in heavy-ion collisions are described astonishingly well within the thermal
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statistical model of hadron resonances, where conservation laws of baryon number,
isospin and strangeness are implemented, and the sudden (chemical) freezeout is fol-
lowed by resonance decays. Within this approach, the abundances of all identified
hadrons are simultaneously described by just two thermodynamic variables: the tem-
perature T and baryochemical potential µB at freezeout. They vary as a function of
the collision energy
√
sNN in a systematic way [63] that can be parametrized in a
simple functional form, with typical forms given in [64] and in [46], the latter being
T (µB) = a− bµ2B − cµ4B , µB(
√
s) =
d
1 + e
√
s
, (22)
where a = 0.166±0.002 GeV, b = 0.139±0.016 GeV−1, and c = 0.053±0.021 GeV−3,
d = 1.308 ± 0.028 GeV, e = 0.273 ± 0.008 GeV−1. The freezeout parameters form
a line in the QCD phase diagram (see the green dash-dotted line in the right panel
of Fig. 1) along which one can consider the K+/pi+ ratio according to the thermal
statistical model and compare this curve with the experimental data. This has been
done in [64] and a very broad peak at the position of the ”horn” with an overshoot
in the region of the CERN SPS data was obtained. The ”horn” feature (which is also
observed for other strange-to-nonstrange hadron ratios: Λ/pi+, Ξ/pi+, Ω−/pi+) can
be understood from the fact that the freezeout line in the phase diagram is curved
(similar to the pseudocritical line) while the lines of constant K+/pi+ are straight
and just one of them (for the maximum of the K+/pi+ ratio) is a tangent to the
freezeout line. For larger values of K+/pi+, there are no intersections, for smaller
ones, there are two of them. For the HRG model, see Figs. 1 and 4 of Ref. [65], where
the similarity of the K+/pi+ ratio with the Wroblewski factor λs = 2〈ss¯〉/(〈uu¯〉+〈dd¯〉)
was noticed. For the PNJL model, this behaviour has been shown in Fig. 7 of [34]
in the BW approximation and in Fig. 3 of [66] for the BU approach. The lines of
constant K−/pi− ratio have the opposite slope and cross the freezeout line only once,
thus forming a monotonously rising function of the increasing freezeout temperature
(or
√
sNN ).
The comparison of the statistical model result for the energy dependence of the
K+/pi+ ratio with experiment has been improved by including more higher-lying res-
onances and the σ-meson into the HRG model, since the hadron resonance decays
populate mainly pion final states so that the ratios of strange particles to pions get
somewhat suppressed which remedies the problem with overshooting the data in the
SPS energy range [64]. This down-feeding into the pion final state can be seen as a
nonequilibrium effect that is not only important to produce the ”horn” effect but also
the enhancement in the population of low-momentum pion states relative to a thermal
equilibrium distribution (without resonance decays) that was observed already in first
heavy-ion collision experiments at the CERN-SPS. The effect of low-momentum pion
enhancement could be successfully described by adopting a pion chemical potential of
the order of the pion mass µpi ≈ mpi [51]. In the heavy-ion collisions with still higher
pion multiplicities at RHIC and LHC, the effect of low-momentum pion enhancement
became still more pronounced and can no longer be adequately explained with res-
onance decays. Instead, the nonequilibrium pion distribution with a pion chemical
potential became a favorable upgrade of the statistical hadronisation model [52].
The proper explanation of the origin of such a chemical potential has been given
within the Zubarev approach to nonequilibrium statistical thermodynamics that in-
troduces the concept of a nonequilibrium statistical operator [50]. The number of
produced pions is a quasi-conserved number for the duration of the collision event
until its detection and has therefore to be included as an additional observable that
characterizes the nonequilibrium state into the statistical operator with the pion
chemical potential as the Lagrange multiplier conjugate to it.
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According to the nonequilibrium statistical models the ratio of the yields of
mesons, such as the K/pi ratios which were obtained in the midrapidity range, can
be calculated in terms of the ratio of the number densities of mesons (K±/pi± =
nK±/npi±) with
nM = dM
∫ ∞
0
d3q
(2pi)3
gM (EM ), (23)
where gM (EM ) = (e
(EM−µM )/T − 1)−1 is the Bose-Einstein distribution function,
EM =
√
q2 +m2M and µM is the chemical potential for the meson species M with the
degeneracy factor dM . The chemical potential for pions as a parameter characterizing
the nonequilibrium state has been chosen as a constant close to the pion mass, e.g.,
µpi = 0.135 GeV, following the works [51,52,67]. A similar nonequilibrium chemical
potential can be discussed for kaons too [51], but will not be considered here. Instead,
the chemical potential for kaons is defined here by their chemical composition, i.e. by
their quark content, so that µK+ = µu − µs and µK− = µs − µu = −µK+ .
For the generalized Beth-Uhlenbeck approach we have the following expression for
the meson partial number density as off-shell generalization of the number density of
the bosonic species,
nM (T ) = dM
∫
d3q
(2pi)3
∫
dω
2pi
gM (ω)
dδM (ω,q)
dω
(24)
=
dM
T
∫
dq q2
2pi2
∫ ∞
0
dω
2pi
gM (ω)(1 + gM (ω))δM (ω), (25)
where δM (ω) = δM (ω,0) is the meson phase shift that was calculated for mesons at
rest, but for which Lorentz-boost invariance ω =
√
q2 +m2 was assumed, see [30].
Examples for the behavior of the phase shifts for K+, K− and pi mesons are shown in
Fig. 3 for the situation before (left panel) and after (right panel) the Mott dissociation
transition of the bound state.
In the Breit-Wigner approximation, zM = EM − iΓ/2, the phase shift for mesons
is δM (ω) = − arctan[(ΓM/2)/(ω − EM )], so that
dδM (ω)
dω
=
1
2
ΓM
(ω − EM )2 + Γ 2M/4
. (26)
In this case the BU formula for the meson densities (24) reduces to [64]
nM (T ) = dM
∫
d3q
(2pi)3
∫ ∞
−∞
dω
2pi
gM (ω)
ΓM
(ω − EM )2 + Γ 2M/4
. (27)
When the mesonic states can be considered on the energy shell (as stable states with
infinite lifetime), then for ΓM → 0 Eq. (27) reduces to (23).
In the following, we discuss the results for the K/pi ratios that were obtained by
using the above relations for the meson densities in the BU and BW approximations
along the chiral restoration line that we identify as a proxy for the chemical freezeout.
In order to compare these results with the experimental results we use the variable
x = T/µB instead of
√
sNN , where (T, µB) are taken along the freezeout line in the
phase diagram. The rationale for this is the observation that in Lattice QCD [68,69,70]
as well as within NJL-type models [71] the lines of constant entropy per baryon along
which the QGP fireball evolves towards hadronization and chemical freezeout are very
well approximated by straight lines in the T−µB plane. Therefore, it is straightforward
to use the constant slope x = T/µB of these lines of constant specific entropy as a
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Fig. 4. Comparison of kaon-to-pion ratios as a function of the specific entropy variable
x = T/µB in the BW approximation (black lines) and in the BU approach (blue lines). Left
panel: PNJL model with µpi = 135 MeV and µs = 0.55µu shows a horn effect for K
+/pi+
(solid lines) in the BW approximation but not for the BU approach; K−/pi− (dashed lines) is
both approximations a monotonously rising function. Right panel: for K+/pi+ (solid lines) a
horn effect is obtained also in the BU approach when µs and µpi are properly chosen functions
of x, see Figs. 5 - 7. The presence (solid lines) or absence (dashed lines, for gV = 0.6gS)
of a critical endpoint in the phase diagram of the model has a minor influence on the x-
dependence of K+/pi+. Lowering the pseudocritical chiral restoration temperature towards
the chemical freezeout line in the EPNJL model leads to a more rapid drop of the above the
horn in the BW approximation, but has no visible effect in the BU approach, see Figs. 5 -
7. For a detailed discussion see text.
variable that characterizes the initial conditions of the hydrodynamic evolution of the
heavy-ion collision and is equivalent to the use of the collision energy
√
sNN .
In Fig. 4 we compare the kaon-to-pion ratios as a function of the specific entropy
variable x = T/µB in the BW approximation (black lines) with those in the BU
approach (blue lines). In the left panel for the PNJL model with µpi = 135 MeV
and µs = 0.55µu the BW approximation shows a horn effect for K
+/pi+ (solid lines)
but for the BU approach the horn is absent. As it has been discussed above, this
shall be a consequence of the different slope of the lines of constant K+/pi+ in the
phase diagram for the BW and BU approximations, respectively. We recall that in the
BU approach not only the mesonic bound/resonant states contribute to the partial
densities, but also the quark-antiquark scattering in the continuum. This contribution
is absent in the BW approximation which therefore is not in accordance with the
Levinson theorem that requires the scattering phase shift to vanish at high energies.
The K−/pi− ratio shown by dashed lines is in both approximations a monotonously
rising function.
In the right panel of Fig. 4 we show the K+/pi+ ratio as function of x for the
PNJL model without vector coupling (solid lines) which has a critical endpoint in the
phase diagram, with vector coupling (dashed lines, for gV = 0.6gS) when a CEP is
absent and for the EPNJL model (dash-dotted line) that has a lower pseudocritcal
temperature than the PNJL model, closer to the parametrized chemical freezeout line.
Here a horn effect is obtained also in the BU approach since µs and µpi are chosen as
functions of x, see Figs. 5 - 7. The absence (solid lines) or presence (dashed lines) of
the vector coupling gV = 0.6 gS , which entails the presence or absence of a critical
endpoint in the phase diagram of the model has a minor influence on the x-dependence
of K+/pi+. Lowering the pseudocritical temperature of the chiral restoration towards
the parametrized chemical freezeout line by using the EPNJL model leads to a more
rapid drop above the horn in the BW approximation, but has no visible effect in the
BU approach, see Figs. 5 - 7.
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In the left panels of Figs. 5 - 7 we show as thick lines the description of the
experimental data for the kaon-to-pion ratios that is achieved by using the PNJL
(Fig. 5) and EPNJL (Figs. 6, 7) models to calculate the densities of pions and kaons
the BU approach when the nonequilibrium pion chemical potential µpi = µpi(x) and
strange quark chemical potential µs = µs(x) are assumed to depend on the specific
entropy variable x as shown in the corresponding right panels. For their x- dependence
we have adopted trial functions of the Woods-Saxon form
µpi(x) = µ
min
pi +
µmaxpi − µminpi
1 + exp(−(x− xthpi )/∆xpi))
, (28)
µs(x) =
µmaxs
1 + exp(−(x− xths )/∆xs))
. (29)
The best values of the parameters for the PNJL (EPNJL) model are µmaxpi = 147.6±
10 (107±10) MeV, µminpi = 120 (92) MeV, xthpi = 0.370 (0.409), ∆xpi = 0.015 (0.00685).
The parameter values µmaxs /µ
crit
u = 0.205, x
th
s = 0.223, ∆xs = 0.06 hold for both
models. The thin lines on the left panels of Figs. 5 - 7 are obtained for µpi = µ
max
pi =
const and µs = 0.
The expressions (28) and (29) describe the rising pion chemical potential and
decreasing strange quark chemical potential, respectively. Both of them have positions
and widths of the transition regions which are controlled by parameters. For large
x the pion chemical potential is µmaxpi while the strange quark chemical potential
is zero. One can easily estimate the error band for µmaxpi from the variance of the
RHIC or LHC data. The result for the horn is almost insensitive to the width ∆xpi,
namely changes of this variable by a factor of 2 will not lead to visible differences. The
functions µu(x) and mpi(x) along the line of the (pseudo-)critical temperature (which
we use as proxy for the chemical freezeout) are results of the calculations within the
PNJL and EPNJL models.
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Fig. 5. Left panel: The ratios K+/pi+ (black lines) and K−/pi− (red lines) are shown as
function of T/µB along the chemical freezeout line for the PNJL+gV model within the BU
approach. Thin lines correspond to the case when µs = 0 and fixed µpi = 147.6 MeV. The
thick lines are obtained when µs and µpi vary with T/µB as shown in right panel.
Additionally, the number of negatively charged pions is larger than positive one,
so it is possible to naively use the correction npi−/npi+ = 1.0 + 0.0134/[0.023 + (x −
0.023)2], fitted to the experimental data [38]. After that one can fit the value of pion
chemical potential in order to reproduce the large x points.
In Fig. 5 we show for the PNJL+gV model the K
+/pi+ (black lines) and K−/pi−
(red lines) as a function of the specific entropy variable x = T/µB when the BU
approach is applied and the pion and strange quark chemical potentials are either
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Fig. 6. Same as Fig. 5 for the EPNJL+gV model. The shaded region corresponds to the
variation in fitting µpi to RHIC and LHC data with their uncertainty band at high T/µB .
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Fig. 7. Same as Fig. 6 for the EPNJL model.
constant (thin lines) or given as functions of x (right panel) so that the experimental
data can be fitted (thick lines). Figs. 6 and 7 show the same, but for the EPNJL
model with and without vector meson coupling, respectively. Comparing these three
Figures with each other we see no significant differences in the description of the
kaon-to-pion ratios despite the fact that the pseudocritical (freezeout) temperature
for the PNJL model used in Fig. 5 is up to 40 MeV higher than that for the EPNJL
model used in Figs. 6 and 7. From this example one can conclude that the effect which
a shift of the freeze-out line in the phase diagram would have on the K+/pi+ ratio
can be entirely compensated by refitting the nonequilibrium pion chemical potential.
Furthermore, the absence or presence of a critical point (Fig. 6 vs. Fig. 7) plays no
decisive role in the description of the kaon-to pion ratios. This is understood because
the horn originates from the relative positions of the almost straight lines of the kaon-
to-pion ratios and their slope to the curved freezeout line in the phase diagram while
the presence or absence of the critical point has no effect on these features (see the
corresponding figures in Refs. [34,66,72]).
We note here that the values µmaxpi = 147.6± 10 (107± 10) MeV for the nonequi-
librium pion chemical potential that are obtained from fitting the kaon-to-pion ratio
at high energies do bracket the values that were obtained earlier from fits to the
pion transverse momentum spectra µpi = 120 (134.9) MeV at SPS (LHC) energies in
Ref. [51] (Ref. [52]). The value of the pion chemical potential can be larger than vac-
uum value of pion mass but shall be below the value of pion mass on phase transition
line that is obtained within the PNJL and EPNJL models.
Since the theoretical concept of introducing a pion chemical potential is the
nonequilibrium generalization of the Gibbs ensembles within Zubarev’s method of
the nonequilibrium statistical operator [50], it is natural to assume a dependence of
this Lagrangian multiplier on the pion multiplicities, which are directly related colli-
sion energy and the specific entropy variable x. Consistent with this new explanation
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of the horn effect by a step-like increase in the pion chemical potential at
√
sNN = 8
GeV is that within the thermal statistical model at this very collision energy the
entropy density of the system changes its character from being baryon-dominated to
meson-dominated [73].
5 Conclusions
In this work, we used the SU(3) PNJL and EPNJL models to describe quark matter
with pseudoscalar meson excitations at finite temperature and density. We demon-
strated that there is a significant difference in the description of partial densities of
pions and kaons in the framework of these models, when instead of the standard
complex mass pole (Breit-Wigner) approximation for the spectral properties of the
mesons the Beth-Uhlenbeck approach is used, that introduces the notion of phase
shifts accounting not only for the quark-antiquark bound (resonant) states but also
for the scattering states in the continuum.
We investigated the kaon-to-pion ratios as a function of the variable x = T/µB ,
where T and µB were chosen along the line of the (pseudo-)critical temperature as a
proxy for the chemical freezeout line in the phase diagram. The usage of the variable
x is motivated by the observation that along the straight lines of constant x in the
phase diagram the value of the specific entropy S/NB = s/n is constant and belongs
to a conserved quantity in the hydrodynamic evolution of the hadronizing fireball
created in central nucleus-nucleus collisions.
In the thermal statistical equilibrium model of hadron production which success-
fully explains the yields and the ratios of produced hadrons by the two parameters,
T and µB at chemical freezeout for a nucleus-nucleus collision with a given energy√
sNN in the nucleon-nucleon center of mass system, the position of the ”horn” in
the K+/pi+ ratio at
√
sNN = 8 GeV corresponds to a value xhorn = 0.33. While
often the horn has been discussed in connection with the position of a critical end-
point in the QCD phase diagram, we point out that if such a correlation occurs in
a model description it is accidental. According to our analyses in previous works as
well as in the present study the key to understanding the horn lies in the position
and the slope of the almost straight lines of constant K+/pi+ and K−/pi− ratios
relative to the curved freezeout line which both are almost unaffected by the appear-
ance of a change from crossover to first order transition. According to recent results
from lattice QCD the critical endpoint, if it exists, must lie at temperatures below
that of the chiral phase transition in the limit of massless quarks which was found
to be T 0c = 132
+3
−6 MeV [74]. If we adopt the chemical freezeout line as the absolute
lower limit of the chiral restoration transition, the corresponding chemical potential
µB,c = 477
+34
−27 MeV at this temperature is a lower limit on the chemical potential
of the CEP and an upper limit for the x-variable at the CEP (if it exists at all) is
obtained as xCEP < 0.277
+0.023
−0.033, which is still below the value at the horn.
In the present work we have suggested that the sharpness of the horn effect in the
K+/pi+ ratio is well explained by a Bose-enhanced pion production for x > xhorn,
i.e. for heavy-ion collisions with
√
sNN > 8 GeV, in the region of meson dominance,
where also a low-momentum enhancement of pion production has been observed.
Such an effect is best described by a nonequilibrium pion distribution function, which
according to Zubarev’s concept of the nonequilibrium statistical operator requires
an additional Lagrange multiplier, the pion chemical potential, for a consistent de-
scription. Within the Beth-Uhlenbeck approach we have provided fit functions for the
x-dependence of the pion and strange quark chemical potentials that lead to a simul-
taneous description of the x-dependence of both kaon-to-pion ratios in accordance
with the experimental data, with a strong horn effect for the K+/pi+ ratio.
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We suggest that in a subsequent work the simultaneous description of the meson
momentum spectra should be performed in order to check whether the low-momentum
pion enhancement due to the fitted x- dependence of the nonequilibrium pion chemical
potential is in accordance with the experimental data. The further development of
the approach should be devoted to the inclusion of more hadronic channels towards
a full hadron resonance gas description, including the Mott dissociation of hadrons
and the backreaction of these states on the behaviour of the chiral condensate. Such
a study is beyond the mean field level of description and has the potential to improve
the quantitative correspondence of the theoretical model with the lattice QCD results
on the chiral restoration transition at zero and nonvanishing baryochemical potentials
in the QCD phase diagram.
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